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Tachyon inflation with steep potentials
K. Rezazadeh,∗ K. Karami,† and S. Hashemi‡
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Within the framework of tachyon inflation, we consider different steep potentials and check their
viability in light of the Planck 2015 data. We see that in this scenario, the inverse power-law
potential V (φ) = V0(φ/φ0)
−n with n = 2 leads to the power-law inflation with the scale factor
a(t) ∝ tq where q > 1, while with n < 2, it gives rise to the intermediate inflation with the scale factor
a(t) ∝ exp
(
Atf
)
where A > 0 and 0 < f < 1. We find that, although the inverse power-law potential
with n ≤ 2 is completely ruled out by the Planck 2015 data, the result of this potential for n > 2 can
be compatible with the 95% CL region of Planck 2015 TT, TE, EE+lowP data. We further conclude
that the exponential potential V (φ) = V0e
−φ/φ0 , the inverse cosh potential V (φ) = V0/ cosh(φ/φ0),
and the mutated exponential potential V (φ) = V0
[
1 + (n− 1)−(n−1)(φ/φ0)
n
]
e−φ/φ0 with n = 4,
can be consistent with the 95% CL region of Planck 2015 TT, TE, EE+lowP data. Moreover, using
the r− ns constraints on the model parameters, we also estimate the running of the scalar spectral
index dns/d ln k and the local non-Gaussianity parameter f
local
NL . We find that the lower and upper
bounds evaluated for these observables are compatible with the Planck 2015 results.
I. INTRODUCTION
The inflation theory at first was proposed to solve the
problems of the hot big bang cosmology such as the flat-
ness problem, the horizon problem, and the magnetic
monopole problem [1–4]. This theory assumes that a
very fast accelerated expansion has occurred at the early
stages of our Universe. Then, is was realized that per-
turbations produced during inflation can reasonably ex-
plain the large scale structure (LSS) formation in the
Universe as well as the anisotropies observed in the cos-
mic microwave background (CMB) radiation [5–8]. This
fact makes it possible for us to connect the late time
observations to the dynamics of the inflationary era of
our Universe. The inflation theory predicts that the pri-
mordial perturbations should be adiabatic and approxi-
mately scale-invariant that these predictions are in well
agreement with the current observational results. Precise
observational results are obtained by the Planck satellite
from measuring of the anisotropies in both the tempera-
ture and polarization of the CMB radiation [9, 10]. Using
the Planck 2015 data, we can check viability of different
inflation models and find valuable constraints on them.
In the inflation theory, usually a scalar field is invoked
to explain the accelerated expansion of the Universe. The
scalar field responsible for inflation is called “inflaton.”
The classical dynamics of the inflaton during inflation
is determined by a potential. Beside the classical dy-
namics, the inflaton has quantum fluctuations which are
the origin of the two types perturbations including the
scalar and tensor perturbations. We can see the imprint
of these perturbations on the LSS formation and also on
the anisotropies observed in the CMB radiation.
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The standard scenario of inflation is based on a canon-
ical scalar field in the framework of Einstein gravity. Via-
bility of various inflationary potentials within the frame-
work of standard inflation has been extensively inves-
tigated in the literature [11–14]. However, the effective
field theory allows the higher-order scalar kinetic terms to
appear in the action in the regime of high energy physics
[15–17]. Since the cosmological inflation has occurred in
the regime of high energy physics, therefore we expect
that the noncanonical kinetic terms play an effective role
in the inflationary dynamics. Inspiring this, so far some
inflationary models have been proposed which consider
the noncanonical kinetic terms in the action and these
models are known as the noncanonical models of infla-
tion [18–36]. One important noncanonical scalar field is
tachyon which has motivations from the quantum field
theory as well as the string theory [37–44]. The tachyon
scalar field can be used in bosonic string field theory de-
scribing the decay of an unstable D-brane [39–42].
Inflation with the tachyon scalar field has been already
studied in the literature [45–65]. For instance, using
the cosmological perturbation theory in the framework
of tachyon inflation, the primordial power spectra of the
scalar and tensor perturbations have been obtained in
[51]. Moreover, the bispectrum of this model has been
derived in [53], where the author has shown that the am-
plitude of the non-Gaussianity for the tachyon inflation is
of order of the slow-roll parameters, just like the standard
canonical inflation [66–68].
In the present work, we focus on the tachyon inflation
and our main aim is to check the validity of different steep
potentials in light of the current observational results de-
duced from the Planck 2015 data [9]. This paper is or-
ganized as follows. In Sec. II, we study inflation driven
by a tachyon scalar field. In Secs. III-VI, we investigate
several steep potentials and examine their consistency in
light of the Planck 2015 data. Finally, in Sec. VII, we
summarize our conclusions.
2II. TACHYON INFLATION
The action of a simple inflationary model with the
tachyon scalar field can be written as follows [41, 42]
S =
∫
d4x
√−g
[
1
2
R − V (φ)
√
1 + gµν∂µφ∂νφ
]
, (1)
where φ is the tachyon scalar field which has dimensions
of 1/MP thatMP ≡ 1/
√
8piG is the reduced Planck mass.
It should be noted that throughout this paper we work
in the units where MP = 1, for the sake of convenience.
In the above equation, R is the Ricci scalar, and V (φ)
is the inflaton potential. For the tachyon scalar field,
the inflaton potential V (φ) should satisfy the following
conditions [49–52]
V (φ→∞)→ 0, dV
dφ
< 0. (2)
The potentials which satisfy these conditions are so-
called the “steep potentials”. It should be noted that
the tachyon potential has a minimum at φ → ∞, and
hence the inflaton cannot oscillate around its minimum
[48]. Consequently, the conventional reheating mecha-
nism is not applicable in the tachyon inflationary sce-
nario. Indeed, in the tachyon inflation, the energy density
of the tachyon field always dominate that of the radia-
tion field so that the Universe never enters the radiation-
dominated era which is essential for nucleosynthesis. To
overcome this problem, one can assume that the tachyon
energy was fine-tuned to be exponentially small in the
postinflationary Universe [48]. An alternative solution is
to consider models of hybrid inflation [69, 70], in which a
complex field plays the role of inflaton that its potential
has a minimum not at φ→∞, but at |φ| ≪ 1. However,
hopefully future developments of the string theory may
present other suggestions to resolve the reheating prob-
lem in the tachyon inflation. Also, suggestion of other
mechanisms for the reheating process may resolve this
drawback. For instance, the tachyon field can be consid-
ered in the warm inflationary scenario in which duo to
dissipation, the inflaton gives its energy to the radiation
field continuously during inflation [61–65].
We consider a homogeneous and isotropic Universe
described by the Friedmann-Robertson-Walker (FRW)
metric that we take its spatial geometry to be flat. Also,
we assume that during inflation, the Universe is filled by
the scalar field φ in the form of a perfect fluid with the
energy-momentum tensor T µν = diag(−ρφ, pφ, pφ, pφ),
where ρφ and pφ denote the energy density and pressure
of the scalar field, respectively. Therefore, dynamics of
the Universe is determined by the Friedmann equation
H2 =
1
3
ρφ, (3)
together with the conservation equation
ρ˙φ + 3H (ρφ + pφ) = 0, (4)
where the dot denotes the derivative with respect to the
cosmic time t. Also H ≡ a˙/a is the Hubble parameter,
where a is the scale factor of the Universe.
The energy density and pressure of the tachyon scalar
field are given by [49–58]
ρφ =
V (φ)√
1− φ˙2
, (5)
pφ = −V (φ)
√
1− φ˙2. (6)
Substituting the energy density (5) into the conserva-
tion equation (4) leads to the evolution equation for the
tachyon scalar field as
φ¨
1− φ˙2 + 3Hφ˙+
V ′(φ)
V (φ)
= 0, (7)
where the prime denotes the derivative with respect to
φ.
To study inflation, it is useful to define the slow-roll
parameters
ε1 ≡ − H˙
H2
, (8)
εi+1 ≡ ε˙i
Hεi
, (i ≥ 1). (9)
From definition (8) it is obvious that the required condi-
tion for inflation (a¨ > 0) is ε1 < 1.
If we assume the slow-roll conditions φ˙2 ≪ 1 and
∣∣∣φ¨∣∣∣≪∣∣∣3Hφ˙∣∣∣ , |V ′(φ)/V (φ)|, then the Friedmann equation (3)
reduces to
H2 ≈ 1
3
V (φ), (10)
and furthermore, the evolution equation (7) for inflaton
becomes
3Hφ˙+
V ′(φ)
V (φ)
≈ 0. (11)
In the slow-roll regime, we can obtain the first three
slow-roll parameters from Eqs. (8) and (9) in terms of
the potential as follows
ε1 ≈ V
′2
2V 3
, (12)
ε2 ≈ −2V
′′
V 2
+
3V ′2
V 3
, (13)
ε3 ≈ −
V ′
(
9V ′3 − 10V V ′V ′′ + 2V 2V ′′′)
V 3 (−3V ′2 + 2V V ′′) . (14)
In the study of inflation, we usually express the amount
of inflation in terms of the e-fold number
N ≡ ln ae
a
, (15)
3where ae refers to the scale factor at the end of infla-
tion. The inflationary observables should be evaluated
at the epoch when the perturbations exit the Hubble
horizon and it is specified by the relation k∗ = a∗H∗,
where k∗ is the comoving wave number at the horizon
exit. Throughout this paper, we consider the pivot scale
k∗ = 0.05Mpc−1, as adopted by the Planck 2015 col-
laboration [9]. It has been shown that the wavelengths
of the perturbations corresponding to the CMB tempera-
ture anisotropies cross the horizon around 50 to 60 e-folds
before the end of inflation [71, 72]. From definition (15),
we find
dN = −Hdt = −H
φ˙
dφ. (16)
Using the above equation together with Eqs. (10) and
(11), we reach the following differential equation
dφ
dN
≈ V
′
V 2
. (17)
One can solve this to find the evolution of the inflaton
versus the e-fold number in the slow-roll approximation.
During inflation two types of perturbations can be
generated, namely the scalar and tensor perturbations.
The power spectrum of the scalar perturbations in the
tachyon inflationary scenario and in the slow-roll approx-
imation is given by [51]
Ps ≈ 1
8pi2
H2
ε1
. (18)
The reported value for the amplitude of the scalar pertur-
bation at k∗ = 0.05Mpc−1 is ln
[
1010Ps (k∗)
]
= 3.094±
0.034, according to 68% CL constraint from Planck 2015
TT, TE, EE+ lowP observational data [9].
The scale-dependence of the scalar power spectrum is
specified by the scalar spectral index defined as
ns − 1 ≡ d lnPs
d ln k
. (19)
The 68% CL constraint of Planck 2015 TT, TE,
EE+lowP data on this quantity is ns = 0.9644± 0.0049
[9]. In order to obtain an expression for d ln k, we use the
relation k∗ = a∗H∗ and note that H is approximately
constant during slow-roll inflation. Therefore, we can
obtain the relation
d ln k ≈ Hdt, (20)
being valid around the horizon crossing. Using Eqs. (8),
(9), (18), and (20) in definition (19), we can obtain the
relation of the scalar spectral index in tachyon inflation
as
ns = 1− 2ε1 − ε2. (21)
We further can use Eqs. (8), (9), (20), and (21) to obtain
the running of the scalar spectral index as
dns
d ln k
= −2ε1ε2 − ε2ε3. (22)
From this, it is clear that the value of dns/d lnk in the
tachyon inflation is of the second order of the slow-roll
parameters. The Planck 2015 constraint on the running
of the scalar spectral index is dns/d lnk = −0.0085 ±
0.0076 (68% CL, Planck 2015 TT, TE, EE+lowP) [9].
The tensor power spectrum for the tachyon inflation is
same as that of the standard canonical inflation, and it
is given by [51]
Pt ≈ 2
pi2
H2. (23)
Using the above equation together with Eq. (20), we can
simply calculate the tensor spectral index and get
nt ≡ d lnPt
d ln k
= −2ε1. (24)
The current experimental devices are not accurate
enough to measure the tensor spectral index. However,
we may be able to determine this observable by increas-
ingly precise measurements in the future.
One other important inflationary observable, which is
widely used to discriminate between inflationary models,
is the tensor-to-scalar ratio
r ≡ PtPs . (25)
The upper bound from the Planck 2015 results for this
observable is r < 0.149 (95% CL, Planck 2015 TT, TE,
EE+lowP) [9]. In the framework of tachyon inflation, we
can calculate it from Eqs. (18) and (23) as
r = 16ε1. (26)
It is easy to see that Eqs. (24) and (26) provide the
consistency relation for the tachyon inflation as
r = −8nt, (27)
which is identical to that of the standard canonical in-
flation. In [51, 59], the relations of the inflationary ob-
servables for the tachyon inflation have been presented
to the second order of slow-roll parameters, and it has
been discussed that the difference between the consis-
tency relations of the standard canonical inflation and
the tachyon inflation appears only at the quadratic order
in slow-parameters.
In [53], the author has calculated the bispectrum of the
perturbations in the tachyon inflationary scenario, and
derived the so-called local non-Gaussianity parameter as1
f localNL =
5
12
(1− ns) . (28)
1 In this paper, we follow the conventional notation of the Planck
Collaboration [10] in defining the local non-Gaussianity parame-
ter f localNL , and therefore Eq. (28) is −5/3 times the result of [53],
which has adopted a different notation.
4It should be noted that the local non-Gaussianity pa-
rameter for the tachyon inflation is same as that of the
standard canonical inflation [66–68]. The Planck 2015
constraints on the primordial non-Gaussianity have pro-
vided a bound on this observable as f localNL = 0.8 ± 5.0
(68% CL, Planck 2015 T+E) [10].
So far, we have obtained the necessary relations for
the observables in the tachyon inflationary scenario. In
the subsequent sections, we will apply these relations to
check viability of several steep potentials in light of the
Planck 2015 data.
III. EXPONENTIAL POTENTIAL
The first potential whose viability in the framework of
tachyon inflation, we examine is the exponential potential
V (φ) = V0e
− φ
φ0 , (29)
where V0 and φ0 are constant parameters. In the frame-
work of standard canonical inflationary scenario, this po-
tential leads to the power-law inflation with the scale
factor a(t) ∝ tq where q > 1 [73–76], which is not com-
patible with the Planck 2015 data, as it has been shown
in [9, 77, 78].
In the framework of tachyon inflation, if we use the
exponential potential (29) in Eq. (17) and then solve the
resulting differential equation, we find the scalar field in
terms of the e-fold number as
φ = −φ0 ln
[
N
V0φ20
+ e
−φe
φ0
]
, (30)
where φe refers to the value of inflaton at the end of
inflation. To determine φe, first we simplify the first slow-
roll parameter from Eq. (8) and find
ε1 =
1
2V0φ20
e
φ
φ0 , (31)
which is an increasing function during inflation. There-
fore, using the end of inflation constraint (ε1 = 1), we
obtain
φe = φ0 ln
(
2V0φ
2
0
)
. (32)
Now, we can use Eq. (30) in (18), and obtain the scalar
power spectrum as
Ps = 1
48pi2φ20
(2N + 1)
2
. (33)
One can use the above equation to fix the amplitude of
the scalar perturbations at the horizon exit from the ob-
servational results, and find a constraint on the parame-
ter φ0.
The scalar spectral index and tensor-to-scalar ratio are
given by Eqs. (21) and (26), respectively, as follows:
ns =
2N − 3
2N + 1
, (34)
r =
16
2N + 1
. (35)
TABLE I. Estimated values of inflationary observables for the
exponential potential (29) with N∗ = 50, 60 in the tachyon
inflationary scenario.
N∗ ns
dns
d ln k
nt r f
local
NL
50 0.9604 -0.0008 -0.0198 0.1584 0.0165
60 0.9669 -0.0005 -0.0165 0.1322 0.0138
We compute the above equations for the horizon exit e-
fold numberN∗ = 50, 60, and present the results in Table
I. From the table, we infer that larger values of N∗ lead
to larger ns and smaller r. We also see in Table I that
the results corresponding to N∗ = 50 are very close to
those reported in [59], where the authors have evaluated
the inflationary observables for the exponential potential
(29) to the second order of slow-roll parameters. Further-
more, we can use Eqs. (34) and (35) to plot the r − ns
diagram for the exponential potential (29) as shown by
a thick black line in Fig. 1. This plot is drawn for the
horizon exit e-fold number in the range 50 ≤ N∗ ≤ 60,
and the smaller and larger black points correspond to
N∗ = 50 and N∗ = 60, respectively. From Fig. 1,
we conclude that the prediction of the exponential po-
tential (29) can lie inside the 95% CL region of Planck
2015 TT, TE, EE+lowP data [9]. Our result implies that
this potential is consistent with the observational data,
if the e-fold number of horizon exit is taken in the range
57 <∼ N∗ ≤ 60. Note that the consistency of the ex-
ponential potential (29) with the observations in r − ns
plane has been already confirmed in light of the first year
WMAP data by [51].
Surprisingly, we see that the prediction of the expo-
nential potential (29) for the observables ns and r in the
framework of tachyon inflation coincides with the results
of the chaotic quadratic potential V (φ) = m2φ2/2 in the
standard inflationary setting [9]. In order to explain this
surprising result, we note that by changing variables, the
tachyon action (1) at linear order can be written in the
form of standard canonical action [41, 51]. In this way,
the exponential potential (29) in the tachyon framework
is transformed to the quadratic potential in the standard
canonical setting.
So far, we have shown that the prediction of the expo-
nential potential (29) in r − ns plane can be compatible
with the Planck 2015 data [9]. In the next step, we want
to estimate the other inflationary observables including
the running of the scalar spectral index dns/d lnk, the
tensor spectral index nt, and the local non-Gaussianity
parameter f localNL , for this potential. Applying Eq. (29)
in Eqs. (22), (24), and (28), we reach
dns
d ln k
= − 8
(2N + 1)
2 , (36)
nt = − 2
2N + 1
, (37)
f localNL =
5
3 (2N + 1)
. (38)
5FIG. 1. Predictions of different steep potentials in r − ns plane in the tachyon inflationary scenario in comparison with the
observational results. The marginalized joint 68% and 95% CL regions from Planck 2013, Planck 2015 TT+lowP and Planck
2015 TT,TE, EE+lowP data (ΛCDM+r+dns/d ln k) [9] are specified by gray, red and blue, respectively.
We have listed the resulting values from the above equa-
tions for N∗ = 50, 60 in Table I. In addition, in Table
II, we have summarized the lower and upper bounds of
dns/d lnk and f
local
NL for the parameter space of N∗ for
which the exponential potential (29) is compatible with
the Planck 2015 results in r−ns test. As we see in Tables
I and II, the obtained values for dns/d ln k are of order
10−4, and thus they are consistent with the 95% CL con-
straint of Planck 2015 TT, TE, EE+lowP data [9]. In
addition, the evaluated values for f localNL are of order 10
−2
which are in agreement with the 68% CL constraint of
Planck 2015 T+E data [10].
IV. INVERSE POWER-LAW POTENTIAL
The next steep potential that we investigate in the
framework of tachyon inflation, is the inverse power-law
potential
V (φ) = V0
(
φ
φ0
)−n
, (39)
where V0 and n > 0 are constant. The asymptotic treat-
ment of this steep potential agrees with the implication
of the original string-motivated idea of [39–41], where
the rolling tachyon field is employed to describe the low-
energy sector for D-branes and open strings [47]. Since
the shape of this potential goes to zero at infinite values of
the field, therefore in this asymptotic vacuum there exists
no D-branes, and thus no open strings [47]. In the frame-
work of standard inflationary scenario, this potential
leads to the intermediate inflation with the scale factor
a(t) ∝ exp(Atf ) where A > 0 and 0 < f = 4/(n+4) < 1
[79–82], which is completely ruled out by the Planck 2015
data [9], as it has been shown explicitly in [33, 77].
In order to examine this potential in the tachyon in-
flationary scenario, first we calculate the first slow-roll
parameter from Eq. (8), and obtain
ε1 =
n2
2V0φn0
φn−2. (40)
This equation implies that for the case n = 2, the first
slow-roll parameter ε1 becomes constant which is related
to the power-law inflation with the scale factor a(t) ∝ tq
where q > 1. Therefore, in this case inflation never ends
by slow-roll violation, and we encounter a graceful exit
problem for the model. Also, for the case n < 2, ε1 be-
comes a decreasing function during inflation and conse-
quently inflation cannot stop by slow-roll violation. But,
for the case n > 2, ε1 becomes an increasing function, and
hence inflation can successfully terminate in this case. In
6TABLE II. Predictions of different steep potentials for the running of the scalar index dns/d ln k and the local non-Gaussianity
parameter f localNL in the tachyon inflationary scenario.
Potential
Fixed
parameter
Varying
parameter
r − ns
consistency
dns
d ln k
f localNL
Exponential − 57 <∼ N∗ ≤ 60 95% CL [−0.0006,−0.0005] [0.0138, 0.0145]
Inverse
power − law
N∗ = 60 n >∼ 40 95% CL [−0.0006,−0.0005] [0.0138, 0.0141]
Inverse cosh N∗ = 60 x >∼ 51.5 95% CL [−0.0005,−0.0003] [0.0138, 0.0196]
Mutated
exponential
n = 4 57 <∼ N∗ ≤ 60 95% CL [−0.0006,−0.0005] [0.0137, 0.0144]
the following subsections, we will investigate these three
cases, separately, in ample detail.
A. Case n = 2
For this case, we see easily that Eq. (40) gives the first
slow-roll parameter as
ε1 =
2
V0φ20
, (41)
which is constant. Solving the differential equation (11),
we find the evolution of inflaton versus time in the form
φ =
2√
3V0 φ0
t, (42)
where we have set the constant of integration to zero
without loss of generality. Using this and the Fried-
mann equation (10), the Hubble parameter in the slow-
roll regime turns into
H =
q
t
, (43)
where
q ≡ V0φ
2
0
2
=
1
ε1
. (44)
The Hubble parameter given in Eq. (43) leads to the
scale factor
a(t) ∝ tq, (45)
which is associated with the power-law inflation. There-
fore, we conclude that the inverse power-law potential
(39) with n = 2 gives rise to the power-law inflation
in the tachyon framework. We have derived this result
in the slow-roll approximation, and it is nevertheless in
agreement with the result of the exact analysis of [45–47].
Solving the differential equation (17), we find the evo-
lution of inflaton with respect to N as
φ = φee
−N
q , (46)
where φe indicates the value of inflaton at the end of infla-
tion. The important note is that φe cannot be determined
by setting ε1 = 1, because ε1 is constant during inflation
and never reaches unity. Here, to overcome this problem,
we follow the logic of [11], and retain φe as an extra pa-
rameter. We can determine it by fixing the amplitude of
the scalar power spectrum at the horizon crossing from
the observational data. To do so, we use Eq. (46) in Eq.
(18), and obtain the scalar power spectrum at the time
of horizon exit as
Ps (N∗) = q
2
12pi2φ2e
e
2N∗
q . (47)
Solving the above equation for φe yields
φe =
q
2pi
√
3Ps (N∗)
e
N∗
q . (48)
In order to check viability of the model in r−ns plane,
we use Eq. (46) in Eqs. (21) and (26), and obtain
ns = 1− 2
q
, (49)
r =
16
q
. (50)
An important point is that the expressions found for ns
and r in the above equations are same as those obtained
in the standard canonical inflation [31, 77]. We can easily
combine these two equations to eliminate the parameter
q between them, and reach
r = 8 (1− ns) , (51)
implying a linear relation between r and ns. Note that
this relation is same as that obtained for the power-law
7inflation in the context of the standard canonical inflation
[83], and also the Brans-Dicke inflation [84]. It should be
noticed that we can combine the equations for ns and
r just to eliminate the constant parameters, and we are
not allowed to do this for the dynamical quantities such
as time t, scalar field φ, or e-fold number N . Because,
otherwise we may mistakenly neglect the important fact
that the observables must be evaluated at the time of
horizon exit. Now, we can apply Eq. (51) to draw r−ns
plot as demonstrated by a solid blue line in Fig. 1. It
is apparent from the figure that the plot of the power-
law inflation model in the tachyon framework coincides
exactly with the one for this model in the canonical sce-
nario [9, 31, 77, 78], and it lies completely outside the re-
gion allowed by the Planck 2015 data [9]. Consequently,
we see that the inverse power-law potential with n = 2 is
ruled out by the current observational data.
B. Case n < 2
As we mentioned above, in this case inflation cannot
end by slow-roll violation too. Now we are interested to
find the scale factor for this case. For this purpose, we
use Eq. (39) in Eq. (11), and attain
φ =
[
[n(4− n)t]2
12V0φn0
] 1
4−n
, (52)
where we have considered the integration constant to zero
without loss of generality. Now, we apply the above equa-
tion in Eq. (10), and then we will have
H =
[
2nV 20 φ
2n
0
32−n [n(4− n)t]n
] 1
4−n
. (53)
This Hubble parameter leads to the intermediate scale
factor
a(t) ∝ exp (Atf) , (54)
where the parameters A and f are defined as
A =
1
2− n
[
(4 − n)4−2nV 20 φ2n0
122−nnn
] 1
4−n
, (55)
f =
4− 2n
4− n . (56)
It is evident that A > 0 and 0 < f < 1, and hence the re-
quired conditions for having an intermediate scale factor
are satisfied. Therefore, we see that within the framework
of tachyon inflation, the inverse power-law potential (39)
with n < 2 gives rise to the intermediate inflation. This
verifies the results obtained in [46, 47].
Here, we turn to estimate the observational quantities
for this model. First we solve the differential equation
(17) for the potential (39) and obtain
φ =
[
φ2−ne −
n(2− n)
V0φn0
N
] 1
2−n
, (57)
where φe denotes the inflaton at the end of inflation.
Since the first slow-roll parameter ε1 is a decreasing func-
tion and cannot reach unity at the end of inflation, then
we cannot determine φe by setting ε1 = 1. Thus, we
again follow the procedure of [11] to keep it as an extra
parameter in the above equation. To determine it, we
repeat the procedure applied in the previous subsection
and fix the amplitude of the scalar perturbations from
the observational data. Using Eqs. (18) and (57), we
have
Ps (N∗) = 1
12
(
V0φ
n
0
pin
)2 [
φ2−ne −
n(2− n)
V0φn0
N∗
] 2−2n
2−n
.
(58)
We recall that the scalar power spectrum at the horizon
exit can be fixed as ln
[
1010Ps (N∗)
]
= 3.094±0.034 from
Planck 2015 TT, TE, EE+lowP data [9]. The above
equation can be simply solved for φe to give
φe =

(2pin√3Ps (N∗)
V0φn0
) 2−n
1−n
+
n(2− n)
V0φn0
N∗


1
2−n
.
(59)
Now, by the use of Eqs. (57) and (59), we see that Eqs.
(21) and (26), respectively, lead to
ns = 1− (n− 1)

2n
(
pi
√
3Ps (N∗)
)2−n
V0φn0


1
n−1
, (60)
r =

22n−1nn
(
pi
√
3Ps (N∗)
)2−n
V0φn0


1
n−1
. (61)
It is evident from Eq. (60) that for n = 1, we have ns = 1
referred as the scale-invariant Harrison-Zel’dovich spec-
trum which is completely ruled out by the Planck 2015
data [9]. For n < 1, we have a red-tilted scalar spectrum
(ns < 1), while n > 1 leads to a blue-tilted spectrum
(ns > 1) being inconsistent with the Planck 2015 data
[9]. We see surprisingly that ns and r in the above equa-
tions do not depend on the dynamical variables such as
t, φ, or N , at all. Therefore, we can combine these two
equations to get
r =
4n
n− 1 (1− ns) , (62)
indicating a linear relation between r and ns. It is obvi-
ous that for n→ 2, this equation reduces to the relation
(51) obtained for the power-law inflation in the previous
subsection. Using Eq. (62), the r − ns diagram for the
model can be plotted as shown by a dashed blue lines in
Fig. 1, that each line is related to the specified value of n.
We see in the figure that as the parameter n approaches
2, the prediction of intermediate inflation approaches the
result of power-law inflation. This is just the behavior ex-
pected from Eq. (62), as we mentioned above. From Fig.
81, we conclude that although the intermediate inflation
driven by the inverse power-law potential (39) with n < 2
can be compatible with the Planck 2013 results (see e.g.
n = 1.9), it is completely ruled out by the Planck 2015
data. Note that the consistency of the intermediate in-
flation within the tachyon scenario in light of the Planck
2013 data has been already confirmed by [54].
C. Case n > 2
In this subsection, we concentrate on examination of
the inverse power-law potential (39) with n > 2. For
n 6= 4, the temporal evolution of the inflaton field is still
given by Eq. (52). As a result, the scale factor is given
by Eq. (54) yet, but now A < 0, as it is clear from Eq.
(55). Furthermore, from Eq. (56), we see that f < 0 and
f > 2 for n < 4 and n > 4, respectively. This means that
the scale factor (54) is no longer intermediate.
For n = 4, the temporal evolution of the inflaton re-
sults from Eq. (11) as
φ = φie
4t√
3V0 φ
2
0 , (63)
where φi ≡ φ(t = 0) is the constant of integration. By use
of this result in the slow-roll Friedmann equation (10), we
find
H =
√
V0
3
(
φ0
φi
)2
e
− 8t√
3V0 φ
2
0 . (64)
Consequently, the above equation gives the scale factor
as
a ∝ exp
[
V0φ
4
0
8φ2i
(
1− e−
8t√
3V0 φ
2
0
)]
. (65)
Additionally, using Eq. (64) in (8), the first slow-roll
parameter (8) versus time becomes
ε1 =
8φ2i
V0φ40
e
8t√
3V0 φ
2
0 , (66)
which explicitly shows that ε1 increases with time during
inflation in the case n = 4.
Although, the evolutionary behavior of the inflaton φ
versus time t is different in the cases n = 4 and n 6= 4,
but its evolution versus e-fold number N is same in the
both cases, and it is still given by Eq. (57). However,
now it is possible to determine φe by setting ε1 = 1 in
Eq. (40), because as we see from this equation, in the
case n > 2, the first slow-roll parameter is an increasing
function during inflation. In this way, we find
φe =
(
2V0φ
n
0
n2
) 1
n−2
. (67)
If we use the above results together with Eq. (57) in Eq.
(18), then we will have
Ps = 1
3pi2
[
n
22n−3V0φn0
(
2(n− 2)N + n)n−1] 2n−2 . (68)
TABLE III. Estimated values of the inflationary observables
for the inverse power-law potential (39) with n > 2, for some
typical values of the parameter n in the tachyon inflationary
framework.
n N∗ ns
dns
d lnk
nt r f
local
NL
4
50 0.9412 -0.0012 -0.0392 0.3137 0.0245
60 0.9508 -0.0008 -0.0328 0.2623 0.0205
40
50 0.9594 -0.0008 -0.0208 0.1667 0.0169
60 0.9661 -0.0006 -0.0174 0.1391 0.0141
400
50 0.9603 -0.0008 -0.0199 0.1592 0.0165
60 0.9669 -0.0005 -0.0166 0.1329 0.0138
Fixing Ps at the horizon exit from the observational data,
the above relation can be applied to determine V0 or φ0
in terms of the other parameters of the model.
Moreover, by the use of Eqs. (57) and (67) in Eqs.
(21) and (26), we obtain
ns = 1− 4 (n− 1)
2 (n− 2)N + n, (69)
r =
16n
2 (n− 2)N + n. (70)
Here, we can use the above equations to estimate the
observables ns and r for the inverse power-law potential
(39). The obtained results for some typical values of
the parameter n has been listed in Table III. From the
table, it is apparent that as n increases, then ns increases
and r decreases. Also, comparing Table III with Table
I, we infer that for n ≫ 1, the prediction of the inverse
power-law potential (39) approaches the results of the
exponential potential (29). The obtained relations in two
Eqs. (69) and (70) also can be utilized to make the r−ns
plot for the model. This plot is demonstrated in Fig. 1 for
N∗ = 50 and N∗ = 60 by the dashed and solid red lines,
respectively. To make these plots we have considered n
as the varying parameter. From the figure, we conclude
that with N∗ = 50, the inverse power-law potential (39)
cannot be compatible with the Planck 2015 observational
results [9]. But, our computations show that with N∗ =
60, if the parameter n varies in the range n >∼ 40, then
the result of this potential (39) can place within the 95%
CL region of Planck 2015 TT, TE, EE+lowP data [9].
Now, we proceed to evaluate the other inflationary ob-
servables for this model. Using Eqs. (57) and (67), it can
be shown that Eqs. (22), (24), and (28) give the running
of the scalar spectral index, the tensor spectral index,
and the local non-Gaussianity parameter, respectively,
as follows:
dns
d ln k
= − 8 (n− 1) (n− 2)
[2 (n− 2)N + n]2 , (71)
nt = − 2n
2 (n− 2)N + n, (72)
f localNL =
5 (n− 1)
3 [2 (n− 2)N + n] . (73)
9These observables have been estimated in Table III for
some typical values of n. Also, we have specified the
intervals of observables dns/d ln k and f
local
NL for the range
n >∼ 40 in Table II. The evaluated values for dns/d ln k
are in agreement with the 95% CL range of Planck 2015
TT, TE, EE+lowP data [9]. Also the obtained values for
f localNL agree with the 68% CL constraints of Planck 2015
T+E data [10].
Here, we emphasize that in the cases n = 2 (power-
law inflation) and n < 2 (intermediate inflation) of the
inverse power-law potential (39), the slow-roll conditions
are not violated, and hence the Universe cannot transit
to the decelerating phase of the radiation-dominated era.
Also, in the case n > 2 (dust), although the slow-roll con-
ditions can be violated around the end time of inflation,
but the tachyon energy density remains as a dominated
component in the energy density of the Universe, which
is not favored. To overcome these problems, it is possible
to add a reheating process to the final stages of the in-
flationary period, that makes it possible for the Universe
to enter the radiation-dominated era, but its details are
unknown so far. We recall that the mechanism of the
conventional reheating process is not applicable for the
tachyon scenario [48], and one should consider alternative
mechanisms.
V. INVERSE COSH POTENTIAL
In this section, we will focus on the inverse cosh po-
tential [51, 59, 85–87]
V (φ) =
V0
cosh
(
φ
φ0
) , (74)
where V0 and φ0 are constant parameters of the model.
This potential has extensive applications in study of un-
stable D-branes in the context of string theory [85, 86].
Application of this potential in cosmological contexts ap-
pears in [51, 59, 87].
We start with calculating the first slow-roll parameter
in Eq. (12), and find
ε1 =
1
2V0φ20
sinh
(
φ
φ0
)
tanh
(
φ
φ0
)
. (75)
The above equation clears that ε1 increases during infla-
tion. Therefore, it is possible to set ε1 = 1 to find the
inflaton at the end of inflation as
φe = φ0 ln
[√
2x
(√
x2 + 1 + x
)
+
√
x2 + 1 + x
]
,
(76)
where we have defined
x ≡ V0φ20. (77)
Solving the differential equation (17) for the potential
(74), we find
φ =2φ0 arccoth
{
coth
[1
2
ln
(
x+
√
x2 + 1
+
√
2x
(√
x2 + 1 + x
))]
e
N
x
}
, (78)
where we have used φ (N = 0) = φe as the initial condi-
tion.
We see that using (18), the scalar power spectrum for
this potential reads
Ps = x
2
12pi2φ20
1
sinh2
(
φ
φ0
) . (79)
One can fix this equation according to the Planck 2015
observational results [9] to determine one of the param-
eters V0 or φ0 in terms of the other parameters of the
model.
Also, Eqs. (21) and (26), give the scalar spectral index
and the tensor-to-scalar ratio for the inverse cosh poten-
tial (74) in the following forms:
ns = 1− 2
x
cosh
(
φ
φ0
)
, (80)
r =
8
x
sinh
(
φ
φ0
)
tanh
(
φ
φ0
)
. (81)
The above equations have been used to estimate ns and
r for several values of x, and the results have been pre-
sented in Table IV. As we see in the table, by increasing
x, the values of both ns and r increase. Also, for x≫ 1,
the prediction of the inverse cosh potential (74) for these
observables approaches the ones of the exponential po-
tential (29). The above equations also be used to plot
the prediction of the model in r − ns plane as shown by
dashed and solid green lines in Fig. 1. In should be noted
that the dashed and solid lines correspond to N∗ = 50
and N∗ = 60, respectively. To plot this diagram, we
have considered x as the varying parameter. Our com-
putations indicate that for N∗ = 60, the prediction of the
model lies inside the 95% CL region of Planck 2015 TT,
TE, EE+lowP data [9], if the parameter x varies in the
range x >∼ 51.5. Our result for the inverse cosh potential
(74) in r − ns plane is in agreement with the one pre-
sented in [59]. Also, it is worthwhile to mention that the
compatibility of the potential (74) with the observational
results in r − ns plane has been already verified in [51]
by use of the first year WMAP data.
Here, we use Eq. (78) in Eqs. (22), (24), and (28), and
obtain
dns
d ln k
= − 2
x
sinh2
(
φ
φ0
)
, (82)
nt = − 1
x
sinh
(
φ
φ0
)
tanh
(
φ
φ0
)
, (83)
f localNL =
5
6x
cosh
(
φ
φ0
)
. (84)
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TABLE IV. Estimated values of inflationary observables for
the inverse cosh potential (74) with some typical values of
x ≡ V0φ
2
0, in the tachyon inflationary scenario.
x N∗ ns
dns
d ln k
nt r f
local
NL
40
50 0.9413 -0.0005 -0.0081 0.0645 0.0245
60 0.9449 -0.0003 -0.0049 0.0389 0.0230
102
50 0.9571 -0.0007 -0.0168 0.1344 0.0179
60 0.9630 -0.0005 -0.0131 0.1047 0.0154
103
50 0.9604 -0.0008 -0.0198 0.1581 0.0165
60 0.9669 -0.0005 -0.0165 0.1319 0.0138
The obtained results from these equations are available
in Table IV for some typical values of x. Moreover, the
above equation have been used to estimate dns/d ln k and
f localNL in Table II for the range of x that the model in hand
is successful in r−ns test. The estimated values for these
observables are compatible with those deduced from the
Planck 2015 data [9].
VI. MUTATED EXPONENTIAL POTENTIAL
Another steep potential that has been introduced in
[51] is given by
V (φ) = V0
[
1 + (n− 1)−(n−1)
(
φ
φ0
)n]
e−
φ
φ0 , (85)
where V0 and n ≥ 1 are constant. This potential can
be considered as a mutated form of the exponential po-
tential (29), because it contains an exponential term
multiplied by another term. This steep potential sat-
isfies the conditions (2) required for tachyon potentials.
From theoretical point of view, it should be noted that
this potential can be regarded as a generalized form
of the potential V (φ) = V0
(
1 + φφ0
)
e−
φ
φ0 related to
the case n = 1, and has well-based motivations from
background-independent open string theory [88–90]. The
function V (φ) = V0
(
1 + φφ0
)
e
− φ
φ0 leads to exact tree
level tachyon potential when all other fields (corrections
associated with derivatives of tachyon and all other fields)
vanish in a specific coordinate system whereas regular-
ization is imposed by world-sheet boundary sigma model
approach. The perturbative vacuum of this function cor-
responds to φ = 0, while the stable vacuum to which
the tachyon condenses is at φ =∞, where V (φ) → 0. It
should be noticed that inflation with the case n = 4 of the
potential (85) has been studied before in [51], where the
authors have provided the r − ns diagram of the model
and concluded that it can lead to very small values for
r. Therefore, it is tempting to examine the case n = 4 of
this potential, but with a different approach in which we
fix the amplitude of the scalar power spectrum Ps from
the observational data.
The first slow-roll parameter (12) for the mutated ex-
ponential potential (85) with n = 4, turns into
ε1 =
27φ20 (φ− 3φ0)4
(
φ2 + 2φ0φ+ 3φ
2
0
)2
e
φ
φ0
2V0 (φ4 + 27φ40)
3 . (86)
Also, the differential equation (17) takes the form
dφ
dN
= −27φ
3
0 (φ− 3φ0)2
(
φ2 + 2φ0φ+ 3φ
2
0
)
e
φ
φ0
V0 (φ4 + 27φ40)
2 . (87)
Using Eq. (18), the scalar power spectrum reads
Ps =
V 20
(
φ4 + 27φ40
)4
e
− 2φ
φ0
8748pi2φ60 (φ− 3φ0)4 (φ2 + 2φ0φ+ 3φ20)2
. (88)
It is apparent that it is difficult to solve the above three
equations analytically, and hence we have to invoke a
numerical method for this purpose. In our numerical ap-
proach, we first solve ε1 = 1 in Eq. (86) and find φe.
Then, we use φe as the initial condition for solving the
differential equation (87) and obtain φ∗ at the horizon
exit with the given e-fold number N∗. Subsequently, us-
ing φ∗ in Eq. (88) and fixing the amplitude of the scalar
perturbations from the Planck 2015 observational results
[9], one can determine the parameter V0 in terms of φ0.
Applying Eqs. (21) and (26), we have
ns =1− 54φ
2
0e
φ
φ0
V0 (φ4 + 27φ40)
3
(
φ8 − 8φ0φ7 + 20φ20φ6
+54φ40φ
4 − 216φ50φ3 − 324φ60φ2 + 729φ80
)
, (89)
r =
216φ20 (φ− 3φ0)4
(
φ2 + 2φ0φ+ 3φ
2
0
)2
e
φ
φ0
V0 (φ4 + 27φ40)
3 . (90)
Note that although the parameter φ0 appears explicitly
in the above relations, when we evaluate φ∗ and V0 in
the numerical solution, the values of the parameters are
combined such that the final results of ns and r have no
dependence to the parameter φ0, at all. Therefore, ns
and r depend only on the parameter N∗. The results of
Eqs. (89) and (90) for N∗ = 50, 60 are listed in Table V.
These results show that the predictions of the mutated
exponential (85) for ns and r is very close to those ob-
tained for the exponential potential (29). The r−ns dia-
gram of the potential (85) for the range 50 ≤ N∗ ≤ 60 has
been plotted by a dashed orange line in Fig. 1. We see in
the figure that the tachyon inflationary model with the
mutated exponential (85) can be consistent with Planck
2015 TT, TE, EE+lowP data [9] at 95% CL. Our com-
putations implies that the model is compatible with the
observational data for the range 57 <∼ N∗ ≤ 60. Note
that although the authors of [51] have already shown that
the results of the mutated exponential potential (85) for
n = 4 are compatible with the first year WMAP obser-
vations, they did not fix Ps in their calculations. But in
our numerical approach, we have fixed Ps at the epoch
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TABLE V. Estimated values of inflationary for the mutated
exponential potential (85) with n = 4, and considering N∗ =
50, 60 in the tachyon inflationary scenario.
N∗ ns
dns
d lnk
nt r f
local
NL
50 0.9606 -0.0008 -0.0196 0.1566 0.0164
60 0.9671 -0.0005 -0.0163 0.1306 0.0137
of horizon crossing according to the Planck 2015 obser-
vational results [9], and in this way we determined the
parameter V0. Consequently, we found a much limited
range for the prediction of the model in r − ns plane
relative to [51].
For the mutated exponential potential (85) with n = 4,
the running of the scalar spectral index (22), the tensor
spectral index (24), and the local non-Gaussianity pa-
rameter (28) turn into
dns
d ln k
=−1458φ
4
0 (φ− 3φ0)2
(
φ2 + 2φ0φ+ 3φ
2
0
)
e
2φ
φ0
V 20 (φ
4 + 27φ40)
6
×
(
φ12 − 12φ0φ11 + 60φ20φ10 − 120φ30φ9
+81φ40φ
8 − 648φ50φ7 + 648φ60φ6 + 6480φ70φ5
+2187φ80φ
4 − 8748φ90φ3 − 26244φ100 φ2
−17496φ110 φ+ 19683φ120
)
, (91)
nt =−
27φ20
(
φ2 + 2φ0φ+ 3φ
2
0
)2
(φ− 3φ0)4 e
φ
φ0
V0 (φ4 + 27φ40)
3 ,
(92)
f localNL =
45φ20e
φ
φ0
2V0 (φ4 + 27φ40)
3
(
φ8 − 8φ0φ7 + 20φ20φ6
+54φ40φ
4 − 216φ50φ3 − 324φ60φ2 + 729φ80
)
.
(93)
These observables have been estimated in Table V for the
horizon exit e-fold numbers N∗ = 50, 60. In Table II, we
also have specified the range of observables dns/d ln k and
f localNL in the interval 57
<∼ N∗ ≤ 60 for which the mutated
exponential potential (85) with n = 4 is consistent with
the 95% CL constraints of the Planck 2015 data [9] in
r − ns plane. The obtained values for these observables
are compatible with the Planck 2015 results [9].
VII. CONCLUSIONS
We studied tachyon inflation with several steep po-
tentials in light of the Planck 2015 data [9]. For this
purpose, we first obtained the necessary relations gov-
erning the inflationary observables containing the scalar
spectral index ns, the tensor-to-scalar ratio r, the run-
ning of the scalar spectral index dns/d ln k, and the local
non-Gaussianity parameter f localNL in the slow-roll approx-
imation.
In the next step, we checked the consistency of various
steep potentials containing exponential, inverse power-
law, inverse cosh and mutated exponential potentials
with the current observational data of Planck 2015. We
depicted the predictions of the potentials in r−ns plane
and obtained the allowed range of the model parameters.
For the exponential potential V (φ) = V0e
−φ/φ0 , we
concluded that it is compatible with the 95% CL region
of Planck 2015 TT, TE, EE+lowP data [9], if we take
the range of the e-fold number of the horizon exit as
57 <∼ N∗ ≤ 60.
For the inverse power-law potential V (φ) =
V0(φ/φ0)
−n, we examined the three cases n = 2, n < 2,
and n > 2, separately. In the case n = 2, this poten-
tial leads to the power-law inflation with the scale factor
a(t) ∝ tq where q > 1. An important result is that the
r−ns plot of the power-law inflation model in the tachyon
framework coincides with the one for this model in the
canonical scenario, and thus it places completely outside
the region favored by the Planck 2015 data [9]. In the
case n < 2, we showed clearly that the inverse power-law
potential gives rise to the intermediate inflation with the
scale factor a(t) ∝ exp (Atf) where A > 0 and 0 < f < 1.
We found that the prediction of this model in r−ns plane
lies entirely outside the region allowed by the Planck 2015
data [9]. In the case n > 2, in contrast with the two cases
n = 2 and n < 2, inflation can end by slow-roll violation.
In this case, the potential can be compatible with Planck
2015 TT, TE, EE+lowP data [9] at 95% CL, if we take
the e-fold number of horizon exit as N∗ = 60 and the
parameter n is chosen in the range n >∼ 40.
Then, we turned to examine viability of the tachyon
inflation with the inverse cosh potential V (φ) =
V0/ cosh(φ/φ0), which has remarkable importance in
study of unstable D-branes in the context of string the-
ory. We concluded that the potential prediction in r−ns
plane lies inside the 95% CL of Planck 2015 TT, TE,
EE+lowP data [9], if we consider N∗ = 60 and x ≡
V0φ
2
0
>∼ 51.5.
The last steep potential that we investi-
gated in the tachyon inflationary scenario, was
the mutated exponential potential V (φ) =
V0[1 + (n− 1)−(n−1) (φ/φ0)n]e−φ/φ0 . We focused
on the case n = 4 of this potential and found that
for 57 <∼ N∗ ≤ 60, the r − ns plot of the model is
consistent with the 95% CL region of Planck 2015 TT,
TE, EE+lowP data [9].
Besides the r − ns test examined for the above steep
potentials, we also estimated the other inflationary ob-
servables including the running of the scalar spectral in-
dex dns/d ln k and the local non-Gaussianity parameter
f localNL . Our numerical results show that the predictions
of the models for dns/d ln k are in agreement with the
95% CL range of Planck 2015 TT, TE, EE+lowP data
[9]. Also, the evaluated values for f localNL are compatible
with the 68% CL constrains of Planck 2015 T+E data
[10].
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